Abstract-In this paper, a nonlinear discrete-time system in the presence of input disturbance and measurement noise is approximated by subsystems described by the linear pulse-transfer functions with the subjection of input disturbance and measurement noise. Although the input disturbance and the measurement noise are unknown, they are modeled as known pulse-transfer functions. The approximation error between the nonlinear discrete-time system and the fuzzy linear pulse-transfer function system is represented by the linear time-invariant dynamic system in every subsystem, whose degree can be larger than that of the corresponding subsystem. Besides the input disturbance and the measurement noise, the uncertainties are caused by the approximation error of fuzzy-model and the interconnected dynamics resulting from the other subsystems. Owing to the presence of input disturbance, measurement noise, or uncertainties, a disadvantageous response occurs. Based on Lyapunov redesign, the switching control in every subsystem is designed to reinforce the system performance. Due to the time-invariant feature for a constant reference input, the operating point can approach the sliding surface in the manner of finite-time steps. The stability of the overall system is verified by Lyapunov stability theory. The simulations are given to confirm the usefulness of the suggested control.
I. INTRODUCTION

N
ONLINEARITIES of practical control systems always exist. If the phenomenon of nonlinear system is dominant, then it is not suitable to use a linear controller to cope with this kind of control problem. There are many approaches for the control of nonlinear systems, e.g., sliding-mode control [1] , [2] , neural-network control [3] , [4] , and fuzzy control [5] , [6] . Each method has its own advantages and disadvantages. For example, a sliding-mode control is robust to the uncertainty; however, a chattering control input probably occurs. The approximation of any continuous function using a neural-network seems outstanding and effective. However, a compact set for approximation is not bright to estimate, the number of neuro is not clear to determine, and it is probably time consuming for an online learning. Furthermore, the instability caused by the parameter drift probably happens [6] . The major advantage of fuzzy control is that a mathematical model for the system is not required. Only some input-output data are employed to obtain an effective control or modeling. However, the heuristics-based fuzzy control or modeling is lacking in systematic design or stability analysis or stability proof. Furthermore, its performance is usually not more excellent than that of the other controllers. Although many adaptive fuzzy controls (e.g., [7] , [8] ) improve the system performance, it has the similar drawbacks of online neural-network control. Due to the shortcomings of heuristics-based fuzzy control or modeling, a model-based fuzzy control or modeling, e.g., Takagi and Sugeno linear model based control [9] - [15] , is a promising method to reinforce the control performance of fuzzy system. They use linear continuous-time (or discrete-time) statespace or transfer function dynamic subsystems for different fuzzy sets. However, the stability of these fuzzy control systems [9] - [13] is that the solution a common positive definite matrix or the solution of Riccati differential equation is required for every subsystem. Johansen et al. [13] tries to interpret and identify the dynamic Takagi-Sugeno fuzzy model. They define a multiobjective identification problem, namely, the construction of a dynamic model that is a good approximation of both local and global dynamics of the underlying system. However, these objectives are often conflicted. Alternatively, a robust controller is required to obtain a better system performance. Furthermore, the aforementioned approaches [9] - [13] need a state estimator if the state is not accessible. Under the circumstances, the structure of closed-loop system becomes complex. Recently, Xie and Rad [14] used a local transfer function to represent the consequence of the th fuzzy rule. Then a local minimization of integral-square-error (or -optimal) control with online learning of control parameters is designed. However, the paper cannot reject the input disturbance or the measurement noise. For obtaining a zero steady-state error, the reference model must contain the unstable zero [16] . In [14] , if the unstable zeros of subsystem are unknown or the error of parameter estimation happens, the steady-state error occurs. Moreover, the aforementioned studies [9] - [14] only use a linear state-feedback control for every subsystem; their robustness is probably poorer than that using a nonlinear control for every subsystem (cf. [15] for the details).
Because of the rapid development of personal computer and DSP chip, a discrete-time controller becomes more and more important nowadays [17] , [18] . In this paper, the subsystem is expressed as a linear pulse-transfer function with the consideration of the input disturbance and the measurement noise modeled as known pulse-transfer functions. The approximation error between the nonlinear discrete-time system and the fuzzy linear pulse-transfer function is characterized by the linear time-invariant dynamic system in every subsystem, whose degree can be larger than that of the corresponding subsystem. In a similar way of decentralized control, the interconnected dynamics caused by the other subsystems occurs. The uncertainties caused by the approximation error of fuzzy-model and the interconnected dynamics often result in a poor performance or even instability. Due to the time-invariant feature for a constant reference input and the existence of finite-order system, the operating point reaches to the sliding surface in finite-time steps. Due to the presence of input disturbance or measurement noise or uncertainty, a huge transient response or a poor steady-state response occurs. In this situation, the fuzzy switching control based on Lyapunov redesign is designed to improve the system performance. It is not necessary to assume that the matching condition of uncertainties must be satisfied. The upper bound of the unmodeled dynamics for the design of fuzzy switching control has a limit [19] . For a time-varying trajectory tracking, the overall system is not linear time-invariant. Its operating point is only in the vicinity of sliding surface; however, the performance of the present paper is good enough as compared with other controllers. In summary, the proposed fuzzy linear pulse-transfer function based sliding-mode control (FLPTFBSMC) includes a fuzzy equivalent control and a fuzzy switching control. , where for denote bounded real coefficients, stands for the system degree (i.e., if ), and denotes the backward-time shift operator (i.e.,
). The notations of denote the stable and unstable part of , respectively. Without loss of generality, the polynomial is assumed to be monic (i.e., ) to obtain a unique factorization. The upper subscript of a polynomial, e.g., , represents the polynomial of the th subsystem. The symbol is used. The notation ess. is defined [20] . The symbol is the Kronecker delta: , if , otherwise.
III. PROBLEM FORMULATION
Consider the following nonlinear discrete-time systems:
(1) where and denote the system output, the controller output and the system input, respectively, represents an unknown input disturbance but modeled as pulse-transfer function, represents a nominal nonlinear continuous function operator achieved from the approximation of nonlinear continuous system (e.g., bilinear transformation) or system identification using input-output data (e.g., least-squares parameter estimation), and denotes the uncertainty operator.
A fuzzy dynamic model to represent local linear input-output relations of nonlinear discrete-time systems is described by the fuzzy IF-THEN rules. The th rule of this fuzzy dynamic model for the nominal nonlinear discrete-time system is expressed as the following form:
System Rule is and is THEN (2) where is the known delay (i.e., ) for , where is the number of IF-THEN rules, denotes the output from the th IF-THEN rules, and are premise variables that are functions of . Assume that and for are known and coprime.
The output of the overall fuzzy system is inferred as follows:
where , and . In addition, . Assume that the fuzzy controller shares the same fuzzy sets with the fuzzy system (2) Control Rule IF is and is THEN (4) where stands for the real system output for feedback control, denotes an unknown measurement noise but can be modeled as a pulse-transfer function, the polynomials and are found to obtain the equivalent control of the th subsystem (2) such that the th subsystem (2) is stable and the specific trajectory tracking is accomplished, and represents the switching control of the th subsystem (2) to reinforce the system performance of the th subsystem (2) . Then, the overall fuzzy control is inferred as follows: (5) Based on the approximation of the fuzzy linear model (e.g., [9] - [15] ), (1) is approximated by the overall fuzzy model with approximation error; i.e., there exist the following uncertain polynomials and , where and , such that (6) where , and is coprime. Substituting (5) into (6) yields (7) where denotes an interconnected dynamics of the th subsystem caused by the other subsystems. After some mathematical manipulations (8) where (9) (10) The denotes the nominal closed-loop characteristic polynomial of the th subsystem, the represents the uncertainties of the th subsystem caused by the approximation error (i.e.,
) and the interconnected dynamics resulting from the other subsystems [i.e.,
]. The term in braces in (8) must be equal to zero, i.e.,
Equation (11) denotes the output of the closed loop of the th subsystem. It is assumed that the reference input, the input disturbance, and the measurement noise are modeled as follows: (12) where and are coprime pairs. Define the following sliding surface: (13) where and is a stable monic polynomial.
The objectives of this paper are described as follows (see Fig. 1 ): i) a fuzzy control based on a fuzzy linear pulse-transfer function (2) is constructed to stabilize the nonlinear system (6) subject to input disturbance, measurement noise, and uncertainties; ii) the response for constant reference input approaches the sliding surface in a manner of finite-time steps; iii) based on the Lyapunov redesign, the switching control of the th subsystem, i.e., is designed to improve the system performance. Comparison between the proposed control and the proposed control without the fuzzy switching control is also given.
IV. FUZZY EQUIVALENT CONTROL
The fuzzy subsystem (2) controlled by the proposed control (4) with is considered in this section.
A. Dead-Beat Sliding Surface of the th Nominal Subsystem
First, the input disturbance and the measurement noise are assumed to be zero, i.e.,
. For the dead-beat to the sliding surface, the sliding surface must have the following form: (14) where is a polynomial of the th subsystem with the degree which is the same as the number of dead-beat steps.
Remark 1: Because and the polynomial in (12) is the same for every subsystem, the following fact that exists. Substituting (11) and (12) into (13) gives (15) Comparing (14) and (15) yields (16) Because is stable, the denominator of the right-hand side of (16) must be stable. Therefore, the following equations are achieved: (17) (18) where and are coprime, the monic polynomial has the degree and the polynomial contains the minimum degree. Assume that (19) From (9) and (16)- (19) , the following equations are accomplished:
where is a stable polynomial with the degree .
Because the control system (1) and the proposed control (5) are autonomous and finite-order, for a constant reference input the steady-state responses of system output and control input are constants. Suppose there exists a finite such that as constant for . Then, the overall linear time-invariant system (22) is dead-beat to the sliding surface (22) where . Hence, the trajectory reaches the sliding surface in the same way as finite-time steps.
B. Subjection of Input Disturbance and Measurement Noise
Consider Section 4-A with the input disturbance and the measurement noise, i.e.,
. From (11)- (13) and (14), (23) . In a similar way, a sinusoidal input disturbance with frequency (Hz) the following polynomial is set. Furthermore, the measurement noise (i.e., ) is typically of high frequency [17] . One way to deal with it is to make .
C. The Stability of the Closed Loop of the th Subsystem
First, the sensitivity functions of the nominal and real closed-loop systems of the th subsystem are given as follows: (30) where and denote the nominal and real loop pulse-transfer functions of the th subsystem (31) (32)
The following theorem about the robustness of the closed-loop of the th subsystem is introduced.
Theorem 2 [17] , [20] : Consider the closed-loop system , where is stable. The number of zero of and (or and ) in is same. If the following condition:
, (or ) is satisfied, then is stable. Under the conditions in Theorem 2, the following characteristic polynomial of the real closed-loop system of the th subsystem is stable:
(33) V. FUZZY SWITCHING CONTROL Like convectional SMC, the fuzzy switching control is employed to cope with the unmodeled dynamics such that the system performance is improved. The proposed fuzzy switching control is designed as follows: (34) where is the same as (28), is a causal stable rational weighting function and will be discussed later. Substituting (11), (24), (26), (28), (29) and (34) into (13) gives (35) where . The first term of (35) is obtained from the last section. The signal in (35) includes the effect of , it must be decomposed into two parts for the stability analysis. One includes , and the other does not contain it, i.e., from (10) 
According to (40), (36), and (13), the upper bound of is estimated as follows: (41) where , satisfying the following inequality:
on (42) where . Then the control in (43), as shown at the bottom of the page, is employed to deal with the , where
The switching gain of (43) The change rate of (50) is given as follows: Similarly, the case , can be obtained.
VI. SIMULATIONS AND DISCUSSIONS
Consider a nonlinear discrete-time system described by the following nine system rules: System Rule : IF is and is , THEN 
The nominal subsystem is assumed to be the second-order system with the constant coefficients but different delays (cf. (57)); those are , where . The nominal systems include different delays, nonminimum phase and unstable features. In addition, the real nonlinear system is different from the nominal system by 20% parameter variations and one extra order with large coefficients. The premise variable and represent the physical position signal and velocity signal, respectively. The fuzzy sets of and are defined as the modified Gaussian membership functions shown in (58) and (59) at the bottom of the page, where denotes and . The corresponding premise membership functions are depicted in Figs. 2(g) and (h) .
A constant reference input is assigned as follows: . Let and . The equivalent control design contains the modes of the reference input, the input disturbance and the measurement noise:
and . In addition, the sliding surface with the coefficients: and in Diophantine equation are selected. The fuzzy switching control uses the following control parameters:
, (where ) and . The corresponding responses are shown in Fig. 2 . The solid and dotted lines in Figs. 2(a), (b) , and (c) denote the responses of the proposed control and the proposed control with , i.e., without the fuzzy switching control, respectively. From Fig. 2(a) and (b), one realizes that the tracking performance are excellent and the control input are smooth enough. The trajectory reaches the sliding surface in 22 or 25 time steps (cf. Fig. 2(c) ). Indeed, the fuzzy switching control improves the system performance. Moreover, the overall parameters of the fuzzy system (22) (i.e., indeed converge to constant values (cf. Fig. 2(d) ). The poles and zeros of the overall fuzzy system (22) are depicted in Fig. 2 (e) and (f); their steady-state values are and , respectively. The system is stable and nonminimum phase (i.e.,
). Similarly, the responses by using the weighting function are shown in Fig. 3 . then shown in Fig. 4 . It reveals that the objective of the fuzzy switching control is to cope with the uncertainties including different initial conditions such that the system performance is improved. Similarly, a sinusoidal reference input is assigned as follows: , where Hz and sec. Let and . The fuzzy equivalent control design includes the modes of the reference input, the input disturbance and the measurement noise:
and . The other control parameters are the same as the aforementioned case of constant reference input except that is replaced by . A larger switching gain is selected to deal with the larger uncertainties caused by the tracking of a sinusoidal trajectory [cf. (f) give that the dynamics of time-varying reference input is more complex than that of constant reference input. Furthermore, the replacement of by makes the control result using only the fuzzy equivalent control unstable. Under the circumstances, the output responses for the proposed control with and are shown in Fig. 6 . The transient response is much improved (cf. Fig. 5(a) and Fig. 6 ). The output response using the proposed control with for the Fig. 5 case except is shown in Fig. 7 . In short, the fuzzy switching control indeed reinforces the system performance that can't be obtained from the traditional fuzzy linear feedback control [15] . If the frequency of the sinusoidal reference input is small enough, the operating point almost reaches the sliding surface in the sense of finite-time steps [e.g. Fig. 5(c) ]. Due to space limits, it is omitted.
VII. CONCLUSION
Based on internal model principal, a fuzzy equivalent control is used to deal with the input disturbance and the measurement noise. The approximation error of fuzzy-model is represented by the linear time-invariant dynamic in every subsystem. Then the operating point of the finite-order system for a constant reference input can reach the sliding surface in a manner of finite-time steps. The uncertainties caused by the approximation error of fuzzy-model and the interconnected dynamics resulting from the other subsystems are not necessarily small. Owing to the subjection of input disturbance or measurement noise or uncertainties, a fuzzy switching control based on Lyapunov redesign is employed to reinforce the system performance. Although the tracking of time-varying reference input cannot have an overall linear time-invariant system, the trajectory is in the neighborhood of the sliding surface; the performance is still acceptable. In addition, the proposed control does not require a state estimator or the solution of a common positive-definite matrix for every subsystem. The delay of subsystem is not necessarily the same. The proposed control scheme amalgamates the advantages of the model-based fuzzy control (or modeling) and the robust control (e.g., sliding-mode control, internal model principle, Lyapunov redesign) to accomplish an effective controller for a class of nonlinear discrete-time systems. The further work is to use the proposed control for the trajectory tracking of the piezoelectric actuator systems. The extension to multivariable systems with application to robot is also under investigation.
